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1 Introduction 



Let ip be a nontrivial additive character of the finite field ¥ q with q = p r 
elements ( p a prime), and let m be a positive integer. Then the m-dimensional 
Kloosterman sum K m (i/j; a) ([16]) is defined by 



K m (^;a)= vKaH h ot m + aa x 1 • ■ ■a: m 1 )(a G F*). 

Oil,— ,a m €F* 
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In particular, if m = 1, then Ki(ip;a) is simply denoted by K(ip;a), and is 
called the Kloosterman sum. The Kloosterman sum was introduced in 1926 
to give an estimate for the Fourier coefficients of modular forms (cf. [14], 
[4]). It has also been studied to solve various problems in coding theory and 
cryptography over finite fields of characteristic two (cf. [3], [5]). 

For each nonnegative integer h, by MK m (ip) h we will denote the /i-th moment 
of the m-dimensional Kloosterman sum K m (if); a). Namely, it is given by 

MK m (ifj) h = E K m ^;a) h . 

If if) — A is the canonical additive character of ¥ q , then MK m [\) h will be 
simply denoted by MK 1 ^. If further m — 1, for brevity MK\ will be indicated 
by MK h . 

Explicit computations on power moments of Kloosterman sums were begun 
with the paper [21] of Salie in 1931, where he showed, for any odd prime q, 

MK h = q 2 M h „ 1 -(q- if' 1 + 2(-l) h ~ 1 (h > 1). 
Here Mq = 0, and for h e Z>o, 

M h = ■■■,a h )e (F* q ) h \ £% = i = E "7 1 }!- 

i=i j=i 

For q = p odd prime, Salie obtained MK 1 , MK 2 , MK 3 , MK 4 in [21] by de- 
termining Mi, M 2 , M 3 . MK 5 can be expressed in terms of the p-th eigenvalue 
for a weight 3 newform on r (15) (cf. [17], [20]). MK 6 can be expressed in 
terms of the p-th eigenvalue for a weight 4 newform on T (6) (cf. [7]). Also, 
based on numerical evidence, in [6]. Also, based on numerical evidence, in [6] 
Evans was led to propose a conjecture which expresses MK 7 in terms of Hecke 
eigenvalues for a weight 3 newform on To (525) with quartic nebentypus of con- 
ductor 105. For more details about this brief history of explicit computations 
on power moments of Kloosterman sums, one is referred to Section IV of [8]. 

From now on, let us assume that q = 2 r . Carlitz[l] evaluated MK h for h < 4. 
Recently, Moisio was able to find explicit expressions of MK h , for the other 
values of h with h < 10 (cf.[19]). This was done, via Pless power moment 
identity, by connecting moments of Kloosterman sums and the frequencies of 
weights in the binary Zetterberg code of length q + 1, which were known by 
the work of Schoof and Vlugt in [22]. 
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In [8], the binary linear codes C(SL(n,q)) associated with finite special lin- 
ear groups SL(n, q) were constructed when n, q are both powers of two. Then 
obtained was a recursive formula for the power moments of multi-dimensional 
Kloosterman sums in terms of the frequencies of weights in C(SL(n, q). In par- 
ticular, when n = 2, this gives a recursive formula for the power moments of 
Kloosterman sums. Also, in order to get recursive formulas for the power mo- 
ments of Kloosterman and 2-dimensional Kloosterman sums, we constructed in 
[9] three binary linear codes C(SO + (2, q)), C(0+(2, q)), C(50+(4, q)), respec- 
tively associated with SO + (2, q), + (2, q), SO + (4, q), and in [10] three binary 
linear codes C(SO~{2, q)), C(0~(2, q)), C{SO~{A, q)), respectively associated 
with SO~(2,q), 0~(2,q), SO~(4,q). All of these were done via Pless power 
moment identity and by utilizing our previous results on explicit expressions 
of Gauss sums for the stated finite classical groups. Still, in all, we had only a 
handful of recursive formulas generating power moments of Kloosterman and 
2-dimesional Kloosterman sums. 

In this paper, we will be able to produce two infinite families of recursive 
formulas generating power moments of Kloosterman sums and two those of 
2-dimensional Kloosterman sums. To do that, we construct four infinite fam- 
ilies of binary linear codes C(DCi(n,q)) (n = 2,4, •■•), C(DCi (n,q)) (n = 
1,3, • ■ •), both associated with P+a+_ 1 P+, and C(DC£(n,q)) (n = 2,4, • ••), 
C(DC 2 "(n, q)) (n = 3, 5, • ■ ■ ), both associated with P + a^_ 2 P + , with respect 
to the maximal parabolic subgroup P + = P + (2n,q) of the orthogonal group 
+ (2n, q), and express those power moments in terms of the frequencies of 
weights in each code. Then, thanks to our previous results on the explicit 
expressions of exponential sums over those double cosets related to the evalu- 
ations of "Gauss sums" for the orthogonal groups + (2n, q) [9], we can express 
the weight of each codeword in the duals of the codes in terms of Kloosterman 
or 2-dimensional Kloosterman sums. Then our formulas will follow immedi- 
ately from the Pless power moment identity. Similarly to these, in [7], we 
obtained infinite families of recursive formulas for power moments of Kloost- 
erman and 2-dimensional Kloosterman sums by constructing binary codes 
associated with double cosets with respect to certain maximal parabolic sub- 
group of the symplectic group Sp(2n, q) 

Theorem 1 in the following(cf. (9), (10), (12)-(14)) is the main result of this 
paper. Henceforth, we agree that the binomial coefficient (^j = 0, if a > b or 
a < 0. To simplify notations, we introduce the following ones which will be 
used throughout this paper at various places. 



n/2 

At(n,q)=q^ n2 ~^[%l[(q 2 ^-1), (1) 
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n/2 

S 1 + (n,g)=gi("- 2 ) 2 n(9 2j -l), (2) 

(n-2)/2 

Ai(n,q) = q ^ n2 -^$} q J] (^-l), (3) 

i=i 

(n-2)/2 

5 2 + (n,g)=g^" 2 - 8 "- ( - 12 )(g^-l)(g' i -l) J] (?*' " 1). ( 4 ) 

i=i 

(n-l)/2 

Ar(n,g)=g^ 5 " 2 - 4 "- 1 )[?] g J] (^' _1 -1)> (5) 

(n-l)/2 

B;(n : q) = q-^ 2 - 6n+5 \q n -l) ]J (q 2 > - 1), (6) 

(n-l)/2 

^(n,g)=g^ 5 " 2 - 8 " +3 )[g g J] (fl*" 1 ~ 1). ( 7 ) 

(n-l)/2 

B 2 -(n,g)= g^V-l) II fa* " !)■ ( 8 ) 

i=i 

From now on, it is assumed that either + signs or — signs are chosen ev- 
erywhere, whenever ± signs appear. Henceforth we agree that the binomial 
coefficient ( b ) = 0, if a > b and a < 0. 



Theorem 1 : Let q = 2 r . Then, with the notations in (l)-(8), we have the 
following, next line With + signs everywhere for ± signs, we have a recursive 
formula generating power moments of Kloosterman sums over ¥ q , for each 
n > 2 even and all q. Also, with — signs everywhere for ± signs, we have such 
a formula, for either each n > 3 odd and all q, or n = 1 and q > 8: 



MK h = J2(-l) h+l+1 (^)Bf(n,q) h - l MK l 

,h-t( N t{ n ,<l) ~ f 



min{N^(n,q),h} /, /ftT±t 

+ qA±(n, q)- h £ (-l^C* (n, q) £ f)2* 
i=o t=j 

(/i = l,2,---), 

(9) 



M{n,q)-t, 



where Nf(n,q) = \DCf{n,q)\ = Af(n,q)B^(n,q), and {Cj(n, q)}fi (n,q) is 
the weight distribution of C(DCf(n,q)) given by 
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q- 1 At(n,q)(Bt(n,q) + iy 



c£>,<?) = E 

n ( g ~ # t 

ir^" 1 )^ V ^ / tr(/3- 1 )=l V ^ 



^0 / 

x II (Q~ lA i( n 'ti( B i( n 'ti + Q +1 A JJ (q- 1 Af(n J q)(Bf(n,q)-q + iy 



(10) 



Here the sum is over all the sets of nonnegative integers {vp}pew q satisfying 
J2p£F g u /3 = j an d Y^peWqVpP = 0- I n addition, S(h,t) is the Stirling number 
of the second kind defined by 



s(M >=H§ ( - ir, G)- 



r- (Hi 



(b) With + signs everywhere for ± signs, we have recursive formulas gener- 
ating power moments of 2-dimensional Kloosterman sums over ¥ q and even 
power moments of Kloosterman sums over W q , for each even n > 2 and all 
q > 4. Also, with — signs everywhere for ± signs, we have such formulas, for 
each n > 3 odd and q > 4: 



MK h 2 = E(-l) h+?+1 ( (Bt(n, q) - q 2 ) h - l MK l 2 

Nf(n,q)-t 



min{Nf{n,c),h} h / Nt(n,q)-f 



+ qA±(n, q)- h E (~l) h+3 C^(n, q) £ f t)2 fc " 
i=o t=j 

(/i = l,2,.--), 

(12) 

and 



MK 2h = 



, v n,g)-g 2 + g)^M^ 

mira{jV^(ra,g),/i} ft / )\r± 



Nf(n,q)-f 
Nf(n t q)-t 



(/i = l,2,...), 

(13) 



where Nt(n,q) = \DCf{n,q)\ = Af(n,q)B 2 ± (n,q), and {Ctj{n,q)}0 n ' q) is 
the weight distribution of C(-DC^(n, g)) given by 
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Ct (n,q) = E fa'^M&M + f-f ~ ^ 

x tt jj {q- 1 A±(n,q)(B±(n,q) + qT-q 2 -l)\ 

\r\<2^q K(\;P-1)=t V V f> J 

r=-l(4) 

(14) 

i/ere t/ie sum is over all the sets of nonnegative integers {vp}p£w q satisfying 
J2f3e¥ q vp = j, and EpeF, »pP = 0. 

The following corollary is just the n = 2 and n = 1 cases of (a) in the 
above. It is amusing to note that the recursive formula in (15) and (16), 
obtained from the binary code C(DCi(l, q) associated with the double coset 
DCi(l,q) = P + (2,q), is the same as the one in ([5], (1), (2)), gotten from 
the binary code C(SO + (2, q)) associated with the special orthogonal group 
SO+{2,q). 



Corollary 2 (a) For all q, and h = 1, 2, ■ 
MK h = J2(-l) h+l+1 ( h ) ( q 2 - \f- l MK l 



=o 



l j 

min{q 2 (q 2 -l) 2 ,h} h /n 2 (n 2 — ~\\ 2 — i' N 

where {C{j(2, ?)}|Jq ^ s ^ e we ight distribution of C(DCi (2, q)) given by 



c + (2 ,, ) = E (?v-m n ph-Dta-nn n m 5+ i)( 5 -d 

V ^0 / M/3 -i )=0 V V P J trC9-i)=l V ^ 

ifere #ie sum z's over a// £/ie sets o/ nonnegative integers {yp}pev„ satisfying 
S/3eF 9 ^ = 3 an d S/3eF 9 = 0- ^ n addition, S(h,t) is the Stirling number 
of the second kind as defined in (11). 

(b) Letq> 8. For h = 1, 2, • ■ • , 



MK h = E(-l) h+m (f) (9 - l^'MA"' 



min{q— l,h} h 



( 1 \ ^ 

+ g E (-1)^^(1, ffi^,^ 



K q-l-t) 7 

where {Cf^l, ?)}f=o is £/ie weight distribution of C(DCi(n,q)) given by 
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(16) 

Here the sum is over all the sets of nonnegative integers {u } U {vp^trtf-^o 
satisfying u + £ tr09 -i )=o U P = J and Et r (/3- 1 )=o v $ = °- 

2 0+(2n,g) 

For more details about this section, one is referred to the paper [13]. Through- 
out this paper, the following notations will be used: 

q = 2 r (r e Z> ), 

F q = the finite field with q elements, 

TrA = the trace of A for a square matrix A, 

t B = the transpose of B for any matrix B. 

Let 9 + be the nondegenerate quadratic form on the vector space F 2 ™* 1 of all 
2nx 1 column vectors over ¥ q , given by 

2n n 
i=l i=l 

where {e 1 =* [10 . . . 0], e 2 =' [010 . . . 0], . . . , e 2n =* [0 . . . 01]} is the standard 
basis of F 2 " xl 

The group + (2n, q) of all isometries of (F 2nxl , 6 + ) is given by: 
+ (2n,g) = |[^]GGL(2n,g) 

= {[3*]eGL(2n,g) 
where A,B,C,D are of size n . 



w=e' n r 



'AC, 'BD are alternating 
t AD+ t CB=l n 



*AZ?, *CDare alternating 
A l D+B *C=1„ 



7 



Here annxn matrix (a^) is called alternating if 

an = 0, for 1 < i < n, 

ciij = —dji = ciji, for 1 < i < j < n. 

P + = P + (2n, q) is the maximal parabolic subgroup of + (2n, q) defined by: 



P + (2n,q) 



'A 




'in B' 


'A- 1 . 




_ l n 



AeGL(n,q), B alternating 



Then, with respect to P + = P + (2n, q), the Bruhat decomposition of + (2n, q) 
is given by: 



+ (2n,q) = ]]_P+a+p- 



(17) 



where 



(J,. 



r=0 

l r 
l n _ r 
l r 
l n _ r 



G + (2n,q). 



Put, for < r < n, 



A+ = {w E P + (2n,g)|a+w(a+)- 1 G P + (2n,q)}. 

Expressing + (2n,q) as a disjoint union of right cosets of P + = P + (2n,q), 
the Bruhat decomposition in (17) can be written as 

n 

0+{2n,q) = ]\P + vt{K\P + )- (18) 

r=0 

The order of the general linear group GL(n, q) is given by 



9n= \{{q n -q 3 )=q^X{{q 3 -I) 

3=0 j=l 



For integers n, r with < r < n, the g-binomial coefficients are defined as: 
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r-1 

>q ~ 



n(g^'-i)/(g r - J -i). 

j=0 



Then, for integers n, r with < r < n, we have 



_ gr(n-r) [n] (lg) 



9n—r9r 



As it is shown in [9], 

l^l=^n-,g^)g r(2 - 3r+1)/2 . (20) 

Also, it is immediate to see that 

\P + (2n,q)\ =q®g n . (21) 

Thus we get, from (19)-(21), 

\A+\P + (2n,q)\=W q q(*), (22) 

and 

| P + (2n,q)a+P + (2n,q) \ = \ P+(2n,g) | 2 | A+ |- x = gG)^ [^gQ. (23) 

Let 

DC+(n, g) = P+(2n, g)a+„ 1 P + (2n, g), for n = 2, 4, 6, • • • , (24) 
DC+(n,q) = P + (2n,q)a^ 2 P + (2n,q), for n = 2, 4, 6, • ■ • , (25) 
DCr(n,g) = P+(2n,g)a,+_ 1 P+(2n,g), for n = 1, 3, 5, • • • , (26) 
PC7(n,g) =P + (2r i ,g)a+„ 2 P + (2r2,g), for n = 3, 5, 7, ■ • • . (27) 

Then, from (23), we have 

N±(n,q) = \DC±(n,q)\=Af(n,q)B±(n,q), fori = 1,2 (28) 
(cf. (l)-(8)). 

Unless otherwise stated, from now on, we will agree that anything related to 
DCi(n,q) and DCi(n,q) are defined for n = 2,4,6, anything related 
to DCi(n,q) for n = 1,3,5, and that anything related to DC^in^q) is 
defined for n — 3, 5, 7 • • ■ . 
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Also, from (18), (23), we have 

n 

|0 + (2n,g)| = 5:|P + (2n,g)| 2 |A+r 1 

r=0 

n-1 

= 2g" 2 -"(g--l)n(^-l), 
i=i 

where one can apply the following g-binomial theorem with x = — 1. 

£[»] s (-l) r ?U)x r = (*;?)„, 

with (x; g) n = (1 — x)(l — qx) •••(! — q n ~ 1 x) (x an indeterminate, n G Z >0 ). 



3 Exponential sums over double cosets of + (2n,2 r ) 

The following notations will be used throughout this paper. 

tr(x) = x + x 2 + ■ ■ • + x T J the trace function ¥ q — > F 2 , 
A(x) = (— l)*^ the canonical additive character of F 9 . 

Then any nontrivial additive character ip of ¥ q is given by ip(x) = A (ax) , for 
a unique a G F*. 

For any nontrivial additive character ip of ¥ q and a G F*, the Kloosterman 
sum KGL(t,q)(i>) a ) f° r GL(t, q) is defined as 

K G L(t, q ){tp; a) = J2 ^{Trw + a Trw^ 1 ). 

w£GL(t,q) 

Notice that, for t — 1, i^GL(i,g)(^; a ) denotes the Kloosterman sum i^(^; a)- 
For the Kloosterman sum ^("0; a), we have the Weil bound(cf. [15]) 

\Kty;a)\<2y/q. (29) 

In [12], it is shown that KaL^q)^] °) satisfies the following recursive relation: 
for integers t > 2, a G F* , 

K G L(t,q)(fp; a) = q^KcLit-iM] a)K(4>; a) 

+ _ i)^ GIi(t _ 2)g) (^ ; a)j (30) 
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where we understand that K GL (Q q ){jp;a) = 1 . From (30), an explicit expres- 
sion of the Kloosterman sum for GL(t, q) was derived in [12]. 



Theorem 3 ([12]): For integers t > 1, and a e F* ; the Kloosterman sum 
K G L(t, q )(^;a) is given by 

[(*+2)/2] l-l 

/W)0M = ^ 2){m)/2 E ^(^r 2, EIK«^"-i). 

1=1 v=l 

where K(ip; a) is the Kloosterman sum and the inner sum is over all integers 
ji, . . satisfying 2/ - 1 < j w < < • ■ ■ < ji < t + 1. Here we agree 

that the inner sum is 1 for 1 = 1. 

In Section 6 of [13], it is shown that the Gauss sum for + (2n, q) is given by: 



E ip(Trw) = E E ip(Trw) 

w&0+(2n,q) r =0 W £p+a+P+ 

n 

= E \At\P + \ E 1>{TTwa+) (31) 

r=0 106P+ 

= qW E \A+\P + \q r ^s r K GL{n _ r , q 0; 1). 

r=0 



Here ^ is any nontrivial additive character of ¥ q , sq = 1, and, for r e Z>o, 
s r denotes the number of all r x r nonsingular symmetric matrices over ¥ q , 
which is given by 



g^ +2 )/ 4 n;£(g 2j - 1 -i), if 



r is even, 



Sr V-^nh 1 ^'- 1 -!), if r is odd,' (32) 
(cf. [13], Proposition 4.3). 

Thus we see from (31), (32), and (22) that, for each r with < r < n, 

E ip{Trw) 
weP+cr+p+ 

'q&qm-^ [^ q U r /= 1 (q 2j - 1 - l)K GL(n ^ q 0; 1), if r is even, 

q®q™-^ + V 2 $} q Y\ [ ;=' )/2 {q 2] - 1 ~ l)K GL(n . r ^ 1), if r is odd. 

(33) 

For our purposes, we need four infinite families of exponential sums in (33) over 
DC£(n t q) and DCf(n, q) for n = 2, 4, 6, • • ■ , £>Cf (n, g) for n = 1, 3, 5, ■ ■ ■ , 
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and DC 2 (n, q) for n — 3, 5, 7, • 



So we state them separately clS cl theorem. 



Theorem 4 Lei ^ 6e any nontrivial additive character of¥ q . Then, in the 
notations of (1), (3), (5), (7), we have 

£ 1>{Trw) = At{n,q)Kty;l), 

weDC±(n,q) 



]T HTrw) = q- l At{n,q)K GL{2A) ^ 1) 

w£DC^{n,q) 

= Af(n,q)(K(i;;l) 2 + q 2 -q). 

(cf. (33), (30)). 



Proposition 5 ({9}): For n = 2 s (s G Z> ), and ip a nontrivial additive char- 
acter of¥ q , 

K(ip-a n ) = K(i/;;a). 
We need a result of Carlitz for the next corollary. 



Theorem 6 ([2]): For the canonical additive character X of¥ q , and a G F*, 

K 2 (X;a) =K{-\-a) 2 -q. (34) 



The next corollary follows from Theorem 4, Proposition 5, (34), and simple 
change of variables. 



Corollary 7 Let X be the canonical additive character of¥ q , and let a G F* 
Then we have 



X(aTrw) = Af {n, q)K(X; a) , (35) 



w£DC±(n,q) 



X(aTrw) = Af{n, q)(K(X; a) 2 + q 2 - q) 

w£DCt(n,q) (36) 

= Af(n,q)(K 2 (X;a) + q 2 ). 
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(of. (1), (3), (5), (7)). 



Proposition 8 ([9]) Let A be the canonical additive character ofW q , m e Z >0 , 
(3 e F 5 . T/ien 



(37) 



£ A(-a/3)tf ro (A;a) 

aeF^ 

' g iC TO _ 1 (A;/3- 1 ) + (-l)" l + 1 , z//3 ^ 0, 
-l) m+1 , »//3 = 0, 

un'£/i f/ie convention K (X; f3~ x ) = A(/9 _1 ). 

For any integer r with < r < n, and each (3 e F 9 , we let 

Np.atp.ip) = \{w G P+fT+P+lTrw = 

Then it is easy to see that 

giV p+(Tr+p+ (/3) = |P + fr+P + | + J2 H-aP) E X(aTrw). (38) 

Now, from (35)-(38), (24)-(28), and (l)-(8), we have the following result. 

Proposition 9 

(a) 

X /? = ' (39) 

g- 1 ^(n,g) J B 1 ± (n,g) + g- 1 ^(n,g) x <| g + 1, tr^" 1 ) = 0, 

-g + 1, tr(/3~ 1 ) = l, 



(6) JWmW 



9 ^2 («, q)Bt(n, q) + q 1 Af(n,q)x 



\qK{\\ (3~ l ) - q 2 -1, (3^0, 
\q 3 -q 2 -l, 13 = 0. 

(40) 



Corollary 10 (a) For all even n > 2 and all q, N DC +^ n ^{(3) > 0, for all (3. 

(b) For all even n > 4 and all q, or n = 2 and all q > 4, N DC +^ nq ^(f3) > 0, 
for all (3; for n = 2 and all q = 2, 
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N DC+ (2,2) (0) 



0, /?=1, 
12 = |P+(4,2)|, P = 0. 

r c) For all odd n > 3 and a// q, N DC -^ n q ^{(3) > 0, for all (3; for n = 1 and all 



q, 



[i, = 0, 

N DC - M (/3)= 2, tr(/3- 1 ) = 0, (41) 
[o, tr(/3- 1 ) = l- 
^ For all odd n > 3 and a// g, ^Dc~(n q )W) > ®> f or °^ 0- 

Proof, (a), (c), and (d) are left to the reader. 

(b) Let n = 2. Let /3 7^ 0. Then, from (40), we have 

where g 2 — 2g — 1 + K(X; /3 _1 ) > g 2 — 2q — 1 — 2^ > 0, for q > 4, by invoking 
the Weil bound in (29). Also, observe from (42) that N DC +^(1) = 0. 

On the other hand, if f3 = 0, then, from (40), we get 

Ar DC+(2, g) (0) = <rW - 2g - 1) > 0, for all q > 2. 

In addition, we note that N DC +^ 22 ^(0) = 12. 

Assume now that n > 4. If (3 — 0, then, from (40), we see that N DC +, n q J0) > 
0, for all g. Let (3 7^ 0. Then, again by invoking the Weil bound, 

(n-2)/2 

x {(g n -l)(g' t - 1 -l)g3( n - 4 ) 2 " 1 J] (g 2 ^' - 1) - (g 2 + 2gl + 1)}. 

Clearly, ITj=i 2 ' )//2 (Q ,2: ' — 1) > 1- So we only need to show, for all g > 2, 

/(g) = (g" - lXg- 1 - l)gK-*) 2 -i _ + 2 g§ + 1) > 0. 
But, as n > 4, /(g) > g~ x (g 4 - l)(g 3 - 1) - (g 2 + 2g§ + 1) > 0, for all g > 2. 

□ 
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4 Construction of codes 



Here we will construct four infinite families of binary linear codes C(DCi(n, q)) 
of length Ni(n,q), for n = 2, 4, 6, ••• and all q, C^DC^in.q)) of length 
N2~(n,q), for n = 2,4,6, ••• and all q, C(DCx(n,q)) of length N{(n,q), 
for n = 1, 3, 5, ■ ■ • and all q, and C(DC 2 ~(n, q)) of length A^(n, g), for n = 
3, 5, 7, ■ • • and all q, respectively associated with the double cosets DCi(n, q), 
DC+{n,q), DCr{n,q), and DC^(n,q)(d. (24)-(27)). 

Let g 1 ,g 2 ,-- - ,9N±( nq ) be fixed orderings of the elements in DCf(n,q), for 
i — 1, 2 by abuse of notations. Then we put 

u t ±(n, g) = (Tr<7i, Tr^ 2 , • ■ • , Trg^^) E wf^\ for i = 1, 2. 

The binary codes C{DC?(n, q)), C(DC}(n, q)), C(DC{(n, q)), and C(DC 2 (n, q)) 
are defined as: 

C{DCf (n,q)) = {ue ¥^ {n ' q) \u-vf(n,q) = 0}, for % = 1,2, (43) 

JV ± (n,g) 

where the dot denotes respectively the usual inner product in ¥ q 1 , for 
z = 1,2. 

The following Delsarte's theorem is well-known. 

Theorem 11 ([18]) Let B be a linear code over¥ q . Then 

{B\ ¥a ) ± = tr{B ± ). 

In view of this theorem, the respective duals of the codes in (43) are given by: 

C{DCf{n,q)) L = {cf(a) = cf(a;n,q) = {tir{aTrg$, ■ • • ,tr{aTrg N ± {nq) ))\a e FJ 
(i = l,2). 

(44) 

Let F2~,F+ denote the additive groups of the fields F 2 ,F ? , respectively. Then 
we have the following exact sequence of groups: 

- F+ -> F+ - 9(F ? ) -> 0, 

where the first map is the inclusion and the second one is the Artin-Schreier 
operator in characteristic two given by x i— > Q(x) = x 2 + x. So 

e(¥ q ) = {a 2 + a | a e FJ, and [F+ : 0(F g )] = 2. (45) 
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Theorem 12 ([9]): Let A be the canonical additive character of¥ q , and let 
(3 G F*. Then 

(a) E A(-^-)=tf(A ;) 9)-l, 

aeF g -{0,l} + 

(46) 

WEA(^^) = -A'(A;/ 3 )-l, 
aeF 9 u -r u -r w 

i/ x 2 + x + 6(6 G F g ) irreducible over ¥ q , or equivalently if b G F g \ 0(F g ) 



Theorem 13 ^ The map ¥ q —>■ C{DCi{n,q))- L {a i— > c^(a)) an ¥ 2 -linear 
isomorphism for n > 2 e^en and a// g. 

TTie map F 9 — > C(DC 2 (n, g)) _L (a i— > c^(a)) is an ¥ 2 -linear isomorphism 
for n > 4 even and a// g, or n = 2 and q > 4. 

fc^ TTie map F 9 — > C(DC{(n, q)) ± (a c^f(a)) zs an ¥ 2 -linear isomorphism 
for n > 3 odd and a// g, or n = 1 and g > 8. 

^dj T/ie map ¥ q — > C(DC^"(n, g)) _L (a h- > c^"(a)) zs an ¥ 2 -linear isomorphism 
for n > 3 odd and a// g. 

Proof. All maps are clearly F2-linear and surjective. Let a be in the kernel 
of map ¥ q -> C{DC£{n, q)) 1 (a i-> cf(a)). Then tr(aTrg) = 0, for all 
a G DCi(n,q). Since, by Corollary 10(a), Tr : DCi(n,q) — > F g is surjective, 
ir(aa) = 0, for all a G F 9 . This implies that a = 0, since otherwise tr : F g — ► F 2 
would be the zero map. This shows (a). All the other assertions can be handled 
in the same way, except for n = 1 and g > 8 case of (c). Assume that we are 
in that case. Then, by (41), tr(a(3) = 0, for all (3 G F*, with tr^' 1 ) = 0. 
Hilbert's theorem 90 says that tr^) = 7 = a 2 + a, for some a G F 9 , and 
hence T, a & q ~{o,i} H^r^) = g — 2. If a ^ 0, then, using (46) and the Weil 
bound (29), we would have 

g-2= E A(-ji— ) = JT(A;a)-l<2V3-l. 

aeF 9 -{0,l} « + a 

But this is impossible, since x > 2y/x + 1, for x > 8. □ 



Remark: One can show that the kernel of the map F g — > C(DC 2 (2, 2)) ± (a 1— > 
c 2 (a)), and the maps ¥ q —> C(DC± (1, q)) ± (a 1— > Ci(a)), for q = 2,4, are all 
equal to F 2 . 
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5 Recursive formulas for power moments of Kloosterman sums 



Here we will be able to find, via Pless power moment identity, infinite fam- 
ilies of recursive formulas generating power moments of Kloosterman and 2- 
dimensional Kloosterman sums over all F g (with three exceptions) in terms of 
the frequencies of weights in C (DCf (n, q)) or C (DC{ (n,q)), and C {DC 2 (n,q)) 
or C(DC2 (n,q)), respectively. 

Theorem 14 (Pless power moment identity, [18]): Let B be an q-ary [n,k] 
code, and let Bi(resp.B^) denote the number of codewords of weight i in 
B(resp. in B L ). Then, for h — 0, 1, 2, • • • , 



n min{n,h} h / _ A 

EM= £ (-WE^MW-irl , (47) 

j=Q i=o t=j \ n V 

where S(h,t) is the Stirling number of the second kind defined in (11). 
Lemma 15 Let 

cf(a) = (trtaTrg^,--- ,tr(aTrg N ± {nq) )) G C(DCf(n,q))- L , 

for i = 1,2, and a G F*. Then the Hamming weights w(cf(a)) and w(c 2 (a)) 
are expressed as follows: 

(a) w(cf(a)) = ±At(n,q)(Bf(n,q)-K(\;a)), (48) 

(b) w(ct(a)) = q)(Bf(n, q) - q 2 + q - K(X; a) 2 ) (49) 

= ±At(n, q)(Bf(n, q) - q 2 - K 2 (X; a)) (50) 

(cf (1)- (8)). 

PROOF. ™(c±(a)) = iEA (n ' g) (l-(-l) MaT ^ } ) = |(^ ± (^?)-E 1 , eD c±(n, g )A(aTrt i ;)), 
/or z = 1,2. our results now follow from (28) and (34)- (36). □ 

Let u = (ui, ■ ■ ■ ,un ± ) G F^ < ' n ' <? ' ) , for i = 1,2, with i/« l's in the coor- 

A/\ (n.q) 

dinate places where Tr(gj) = (3, for each (3 G ¥ q . Then from the definition 
of the codes C(DCf(n,q)) (cf. (43)) that u is a codeword with weight j if 
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and only if J2/3ew q V P = 3 an d S/jeF, v pP = ( an identity in ¥ q ). As there 
are I1/36F, DC i : ( n > q >^) many such codewords with weight j, we obtain the 
following result. 



Proposition 16 Let {C^j(n, q)}^l^ n>9 ^ be the weight distribution of C (DC f(n,q)), 
for i = 1,2. Then we have 

C£(n.ff) = E II ( Ndc ^ (P) ), for < j < Nt(n,q), and i = 1,2, 

/3GF 9 V U P J 

(51) 

where the sum is over all the sets of integers {^/3}/3e¥ q (0 < v$ < N DC ±, n q }(f3)) ! 
satisfying 

u p = j> and E u pP = °- ( 52 ) 

/3eF 9 f3ew q 

Corollary 17 Let {C^j(n, g)}^L ( / n ' 9 ' > be the weight distribution of C(DCf(n,q)), 
for i = 1, 2. T/ien we /iai> e 



Proof. Under the replacements vp — > N DC ±^ n ^(f3) — 2/3, for each (3 G F f/ , 
the first equation in (52) is changed to N^(n, q) — j, while the second one in 
there and the summands in (51) are left unchanged. The second sum in (52) 
is left unchanged, since X^eF, N DC ±, n q \{0)j3 = 0, as one can see by using the 
explicit expressions of N DC ^( n ,g)(/3) in (39) and (40). 

□ 



Theorem 18 ([15]): Let q = 2 r , with r > 2. Then the range R of K(X; a), as 
a varies over ¥*, is given by: 

R = { T g Z I \t\ < 2^fq, r = -l(mod 4)}. 

In addition, each value r G R is attained exactly Hit 2 — q) times, where H(d) 
is the Kronecker class number of d. 

The formulas appearing in the next theorem and stated in (10) and (14) follow 
by applying the formula in (51) to each C(DCf(n, q)), using the explicit val- 
ues of N DC ±^ n ^(f3) in (39) and (40), and taking Theorem 18 into consideration. 

Theorem 19 Let {C^An, q)}^!^^ be the weight distribution ofC(DCf(n, q)), 
for i = 1,2, and assume that q > A, for C(DCf (n, q)). Then we have 
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(a) For 3 = 0,-.. ,N?{n,q), 

a£. ( n, g) = E( rl ^ (n ' g) lf (n ' g) + 1) ) 

x II (^^'^^ti + l + V) TJ fq- 1 At(n J q)(Bf(n,q)-q + l] 

ir(/3-i)=0 V U P J tr(/3-i)=l V V P 

where the sum is over all the sets of nonnegative integers {vp\p£W q satisfying 
E/3eF 9 vp = J and Ep& q vpP = 0. 

(b) Forj = 0,---,Nf{n,q), 

'q^Afin, q)(Bf(n, q) + g 3 - q 2 - 1)\ 



c?,M) = E 



n n 

|r|<2^ i^(A;/3-i)= 
r=-l(4) 



^0 / 

'q^Afin, q){Bf{n, q) + qr - q 2 - 1) 



where the sum is over all the sets of nonnegative integers {vp}p£w q satisfying 

U f3 — 3 7 and E/3GF, V /3 P = 0. 

From now on, we will assume that, for C(DC^(n, g)) -1 , n > 2 even and all g; 
for C(I>C^(n, g)) 1 , n>2 even and g > 4; for C(-DCf (n, g)) -1 , either rt > 3 
odd and all g , or n = 1 and g > 8 ; for C(DC^"(n, g)) -1 , n > 3 odd and g > 4. 
Under these assumptions, each codeword in C(DCf(n, q)) 1 - can be written as 
cf (a), for z = 1,2, and a unique a e F 9 (cf. Theorem 13, (44)). 

Now, we apply the Pless power moment identity in (47) to C{DCf{n,q)) ± , 
for those values of n and g, in order to get the results in Theorem 1 (cf. (9), 
(12), (13)) about recursive formulas. 

The left hand side of that identity in (47) is equal to 

E <<t{«))\ 

aGF* 

with w(cf(a)) given by (48)-(50). We have 



E ™(cf(a)) h = - h Af(n,q) h £ (Bf(n,q) - K(X;a)) h 



ae¥* 



aeF* 



^Afin, q) h jj-l) 1 Q Bt(n, q) h ~ l MK l . 



(53) 
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Similarly, we have 



a£F* 




Note here that, in view of (34), obtaining power moments of 2- dimensional 
Kloosterman sums is equivalent to getting even power moments of Kloost- 
erman sums. Also, one has to separate the term corresponding to I = h in 
(53)-(55), and notes dirri¥ 2 C(DCf(n, q)) 1 - = r. 
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